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Abstract
We prove various reflection theorems in locally nice spaces using Axiom R.
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Introduction
The following problem is dealt with in this paper. Given a nonparacompact, locally
Lindelöf space X, does X have a small nonparacompact subspace? Consistency results are
the best we can hope for (cf. Section 4), of course. In Section 1 we show under Fleissner’s
axiom R that every nonparacompact, locally Lindelöf space has an open, nonparacompact
subspace with Lindelöf degree ω1. The next question then is this. Does every locally
Lindelöf, nonparacompact space of Lindelöf degree ω1 have a nonparacompact subspace
of size ω1? In Section 2 we show that the answer is yes if normality is also assumed. Then
in Section 3, applications to get structure theorems in locally nice spaces are shown.
Throughout the paper we use the standard terminology and notation of set-theoretic
topology (cf. [8]). By a “space” we mean a regular, Hausdorff, topological space.
1. Reflecting non-paracompactness to small Lindelöf degree
Recall that a space X is said to be locally Lindelöf, if every point has an open
neighborhoodU such that U is Lindelöf.
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The following proposition parallels the fact that the family of σ -compact open sets forms
a base in a locally compact space.
Proposition 1.1. If X is locally Lindelöf, then B = {V ⊂ X: V is an open Lindelöf
subspace of X} forms a base for X.
Proof. Let U be an open neighborhood of x ∈ X with U Lindelöf. Then by an easy
induction we can build an open set V such that x ∈ V ⊂U and V is the union of countably
many closed Lindelöf subsets (thus, V is Lindelöf). ✷
Remark. Throughout the paper will will also use the fact that a locally Lindelöf space is
paracompact if and only if it is the union of pairwise disjoint clopen Lindelöf subspaces.
Proposition 1.2. Suppose X is a paracompact space |R| ω1 and 〈Uα〉α∈R is cover of X
by open Lindelöf subsets. Then
Σ =
{
S ∈ [R]ω:
⋃
α∈S
Uα is not clopen in X
}
is a non-stationary subset of [R]ω .
Proof. Let 〈Vγ 〉γ∈P be a partition of X into clopen Lindelöf subspaces and set
Γ =
{
S ∈ [R]ω: ∃T ∈ [P ]ω
⋃
α∈S
Uα =
⋃
γ∈T
Vγ
}
.
An easy close-up argument shows that Γ is a club subset of [R]ω and clearly, Γ ∩Σ =
∅. ✷
Lemma 1.3. Suppose that λ  ω1 is a cardinal, 〈Uα〉α<λ is a cover of a space X of
countable tightness by open Lindelöf subspaces and
Σ =
{
S ∈ [λ]ω:
⋃
α∈S
Uα is not clopen in X
}
is non-stationary.
Then X is paracompact.
Proof. By induction on λ  ω1, suppose we have proved the statement of the lemma
for every cardinal κ with ω1  κ < λ, and that we are given X, 〈Uα〉α<λ and Σ as in
the lemma. Let Γ ⊂ [λ]ω be a club such that Γ ∩ Σ = ∅. Then we can fix a function
f : [λ]<ω → λ such that A ∈ [λ]ω and A closed under f implies A ∈ Γ (see [7, Lem-
ma 2.1]).
Define, by induction on µ < λ, an increasing sequence 〈Hµ〉µ<λ of subsets of λ such
that H0 = ∅ and for every µ< λ,
(1) Hµ ⊃ µ, |Hµ| = µ ·ω;
(2) Hµ is closed under f ;
(3) if µ is a limit ordinal, then Hµ =⋃ν<µHν .
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Claim. Wµ =⋃α∈Hµ Uα is clopen for every µ< λ.
To prove the claim, suppose x ∈ Wµ. By t (X) = ω, there is an A ∈ [Hµ]ω with
x ∈⋃α∈AUα . Since Hµ is closed under f , there is an A′ ∈ [λ]ω such that A⊂ A′ ⊂Hµ
and A′ is closed under f . Then A′ ∈ Γ , so ⋃α∈A′ Uα is clopen. Since x ∈⋃α∈AUα ⊂⋃
α∈A′ Uα =
⋃
α∈A′ Uα , it follows that x ∈Wµ.
Next, for each µ< λ, let Vµ =Wµ+1 \Wµ. Then 〈Vµ〉µ<λ is a partition ofX into clopen
sets each of which is the union of < λ many Lindelöf subspaces and therefore paracompact
by our inductive assumption.
Thus X is paracompact. ✷
Theorem 1.4 (Axiom R). Let X be a nonparacompact locally Lindelöf space of countable
tightness such that
whenever Y ⊂X is an open subspace with L(Y ) ω1, then L(Y ) ω1. (∗)
Then X has a nonparacompact clopen subspace Z with L(Z) ω1.
Proof. Let 〈Uα〉α<λ be an open cover of X by open Lindelöf subspaces and let Σ be
defined as in Lemma 1.3. Note that by Lemma 1.3, Σ is stationary. Let
R=
{
R ∈ [λ]ω1,
⋃
α∈R
Uα is clopen in X
}
.
Since t (X)= ω, an easy close-up argument using (∗) shows that R is a tight unbounded
set in [λ]ω1 . Thus by Axiom R, there is an R ∈R such P (R) ∩Σ is stationary. By Prop-
osition 1.2, Z =⋃α∈R Uα is not paracompact. ✷
Lemma 1.5. Let X be a locally Lindelöf space such that every open subspace Y of X
with L(Y )  ω1 is paracompact. Then for every open Lindelöf subspace U of Y , ∂U is
hereditarily Lindelöf.
Proof. Suppose indirectly that ∂U has a right separated subspace {xα: α < ω1} in type ω1.
For every α < ω1, fix an open Lindelöf subspace Vα of X such that xα ∈ Vα ∩ {xα: α <
ω1} ⊂ {xβ : β  α}. Consider the subspace Y = U ∪⋃α<ω1 Vα . Since Y is open with
L(Y )  ω1, Y is paracompact. Since Y is a paracompact space with a dense Lindelöf
subspace U , it follows that Y is Lindelöf. On the other hand {U} ∪ {Vα: α < ω1} is an
open cover of Y with no countable subcover, contradiction. ✷
Theorem 1.6 (Axiom R). Let X be a nonparacompact locally Lindelöf space of countable
tightness. Then X has an open nonparacompact subspace Y with L(Y )= ω1.
Proof. Suppose indirectly that X has no such subspace Y . Then by Lemma 1.5, for every
open Lindelöf subspace U of X, U is Lindelöf. Since t (X)= ω, it follows that whenever
Y is an open subspace of X with L(Y )  ω1, L(Y )  ω1. By Theorem 1.4, X has a
nonparacompact clopen subspace Z with L(Z) ω1, contradiction. ✷
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2. Reflecting non-paracompactness to small size
We will make use of the following results from [3].
Theorem 2.1 [3]. Suppose X is a space such that d(X)= ω1 and t (X)= ω. Then
(a) if every subspace of cardinality  ω1 of X has point-countable base, then so does
X;
(b) if every subspace of cardinality ω1 of X is meta-Lindelöf, then so is X.
Theorem 2.2 (Axiom R). Suppose every subspace of cardinality  ω1 of a locally
compact space X has a point-countable base. Then X is metrizable.
Proof. By Dow’s result [5,6], X is locally second countable. Thus t (X) = ω, and every
open subspace of Lindelöf degree ω1 of X has density  ω1.
Thus by Theorem 2.1(a), every subspace of X of Lindelöf degree  ω1 has a point-
countable base and is therefore metrizable.
By Theorem 1.6, X is paracompact and thus, metrizable. ✷
Lemma 2.3. Let X be a locally Lindelöf space with t (X)  ω and L(X)  ω1. Suppose
that every subspace of cardinality  ω1 of X is paracompact and X is either normal or
locally hereditarily c.c.c. Then X is paracompact.
Proof. Let 〈Uα〉α<ω1 be an open cover of X by Lindelöf subspaces and set
S =
{
α ∈ ω1:
⋃
β<α
Uβ is not clopen
}
.
To show that X is paracompact we need to show that S is non-stationary. Suppose
indirectly that S is stationary, and pick a point yα ∈ ∂(⋃β<α Uβ) for every α ∈ S. Since
t (X) = ω, for every α ∈ S we can pick a countable subset Aα ∈ ⋃β<α Uβ such that
yα ∈Aα . Consider the subspace Y = {yβ : β ∈ S} ∪ (⋃β∈S Aβ), and let Z = Y . Note that
(a) Z is locally Lindelöf;
(b) d(Z) ω1 and t (Z)= ω;
(c) 〈Uα ∩Z〉α<ω1 is an open cover of X by Lindelöf subspaces;
(d) Z is not paracompact.
Condition (d) follows because for each α ∈ S,yα is in the boundary inZ of⋃β<α Uβ∩Z.
By Proposition 1.2 then, Z is not paracompact.
By (b) and because every subspace of Z of cardinality  ω1 is meta-Lindelöf, we can
apply Theorem 2.1(b) to conclude that Z is meta-Lindelöf. The rest of the proof follows
from
(e) Z is collectionwise Hausdorff.
To see that (e) is true, let D be a closed discrete subset of Z. By d(Z) ω1, there is a
dense subspace E ⊃D of Z of cardinality  ω1.
By assumption, E is paracompact. Thus D has a pairwise disjoint open expansion in E,
and since E is dense, in Z.
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Now to finish the proof of Lemma 2.3, we show that Z is paracompact in contradiction
with (d). If Z is locally hereditarily c.c.c., this follows from Theorem 1.6(a) in [2]. If Z
is normal, then Z is strongly collectionwise Hausdorff and we can apply Theorem 1.3
in [2]. ✷
Theorem 2.4 (Axiom R). Suppose X is a locally Lindelöf space with t (X)= ω and that
X is either hereditarily normal or locally hereditarily c.c.c. Further assume that every
subspace of X of cardinality  ω1 is paracompact. Then X is paracompact.
Theorem 2.4 follows from Theorem 1.6 and Lemma 2.3.
3. With MA(ω1)
We are going to use the following result from [1] (see Theorem 1.1 there).
Theorem 3.1 (MA(ω1)). Let X be a space with L(X)  ω1 and a countably tight
compactification X∗. Let Z be a subspace of cardinality  ω1 of X such that every point
in X has a neighborhoodU such that |U ∩Z| ω. Then Z is the union of countably many
closed discrete subspaces in X.
Proposition 3.2. Suppose X is a hereditarily strongly ω1-collectionwise Hausdorff space.
Then for every open Lindelöf subspace U of X, ∂U is hereditarily c.c.c.
Proof. Suppose indirectly that D ⊂ ∂U is an uncountable discrete space. Then by
hereditarily strongly ω1-collectionwise Hausdorff, D has a discrete open expansion in the
subspace D ∪U , in contradiction to our assumption that U is Lindelöf. ✷
Theorem 3.3 (MA(ω1)+ Axiom R). Let X be a nonparacompact, hereditarily strongly
ω1-collectionwise Hausdorff, locally compact space. Then X contains a perfect pre-image
of the ordinal space ω1.
Proof. Assume otherwise. We start by showing that X has a nonparacompact clopen
subspace of Lindelöf degree ω1 and thus we can assume that L(X) = ω1. Note that since
X contains no perfect pre-image of ω1, the one-point compactification X∗ of X satisfies
t (X∗)= ω [4].
By Theorem 1.4, we only have to show that whenever Y is an open subspace of X with
L(Y ) ω1, then L(Y ) ω1. Since t (X)= ω, it is enough to show that for every Lindelöf
open subspace U of X, U is Lindelöf. By Proposition 3.2, ∂U is hereditarily c.c.c., so as
there are no locally compact S-spaces under MA(ω1) (Szentmiklóssy, see [8, p. 316]) it
follows that ∂U is hereditarily Lindelöf. Thus U is Lindelöf.
So assume L(X)= ω1, and let 〈Uα〉α<ω1 be an open cover of X by Lindelöf subsets.
Let S = {α ∈ ω1: ⋃β<α Uβ is not clopen}. Since X is not paracompact, S is stationary.
For every α ∈ S, pick yα ∈ ∂(⋃β<α Uβ). By Theorem 3.1 we may assume that Y =
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{yα: α ∈ S} is a closed discrete subspace. Let 〈Bα〉α∈S be an open discrete expansion of
〈yα〉α∈S . By the Pressing Down Lemma there is a γ ∈ ω1 such that Bα ∩ (⋃β<γ Uβ) = ∅
for ω1 many α, in contradiction with the Lindelöfness of
⋃
β<γ Uβ . ✷
The proof of Theorem 3.3 carries over locally Lindelöf spaces as long as we replace
“no perfect pre-image of ω1” by “X has a compactification X∗ with t (X∗) = ω” and
“there are no locally compact S-spaces” by “there are no S-spaces” (which follows from
MA(ω1)+ TOP by Todorcevic’s result, see [8]).
Theorem 3.4 (MA(ω1)+ TOP + Axiom R). Let X be a hereditarily strongly ω1-collec-
tionwise Hausdorff, locally Lindelöf space with a countably tight compactification X∗.
Then X is paracompact.
4. Examples and questions
Example 4.1. Example 4.5 in [3] is a locally Lindelöf space X that is not paracompact,
yet every open subspace with Lindelöf degree ω1 is paracompact. This example shows that
in Theorem 1.6, t (X)= ω1 cannot be omitted.
Example 4.2. Shelah [9] constructed a consistent example of a locally compact nonpara-
compact normal Moore space X such that every open subspace of X with Lindelöf degree
 ω1 is metrizable. This example shows that none of Theorems 1.4, 1.6, 2.2, 2.4, 3.3, 3.4
holds in ZFC.
Example 4.3. Dow [5] has a non-metrizable Lindelöf space X under MA(ω1) such that
every subspace of X of cardinality  ω1 is metrizable. Thus Theorem 2.2 does not extend
to locally Lindelöf spaces.
Question 4.4. Let X be a locally Lindelöf space with t (X)= ω such that every subspace
of X of cardinality  ω1 is paracompact. Is it consistent that X is paracompact?
By Theorem 2.4, the answer is yes if X is locally hereditarily c.c.c. or hereditarily
normal.
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